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Abstract 

Using the Schwinger-Keldysh (closed time path or CTP) and Feynman- 
Vernon influence functional formalisms we obtain a Langevin equation for the 
description of the charged particle creation in electric field and of backreac- 
tion of charged quantum fields and their fluctuations on time evolution of this 
electric field. We obtain an expression for the influence functional in terms 
of Bogoliubov coefficients for the case of quantum electrodynamics with spin 
charged particles. Then we derive a CTP effective action in semiclassical 
approximation and its cumulant expansion. An intimate connection between 
CTP effective action and decoherence functional will allow us to analyze how 
macroscopic electromagnetic fields are "measured" through interaction with 

charges and thereby rendered classical. 
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I. INTRODUCTION 



Nonequilibrium aspects of quantum field theory are beginning to receive considerable at- 
tention in recent years. Among them are dissipation and decoherence in quantum cosmology 
[]J, structure formation in inflationary cosmology [Q-^Jand time evolution of a nonequilib- 
rium chiral phase transition H] to name only a few. 

An interesting problem of similar nature is a problem of backreaction of particle pro- 
duction in a dynamical background field. Backreaction of quantum processes like particle 
creation in cosmological spacetimes B has been considered by many authors to understand 
how quantum effects affect the structure and dynamics of the universe near Planck time 
0. E.Calzetta and B.L.Hu || used Schwinger-Keldysh (or closed-time-path, CTP ) func- 
tional formalism to derive a real and causal equation of motion (the semiclassical Einstein 
equation) describing the backreaction of particle production on classical effective geometry. 
In this equation one can identify a nonlocal kernel in the dissipative term whose integrated 
dissipative power has been shown to be equal to the energy density of the total number 
of particles created, thus establishing the dissipative nature of the backreaction process. 
Then in [|] Hu pointed out that a Langevin-type equation is what should be expected, 
and predicted that for quantum fields a colored noise source should appear in the driving 
term. Calzetta and Hu ITDfl show how noise and fluctuations can be attained with the CTP 



formalism together with dissipation and decoherence. Hu and Matacz fly] used cumulant 
expansion of the influence functional of Feynman and Vernon , derived in terms of the Bo- 
goliubov coefficients, to extract the noise associated with the matter field and to derive an 



Einstein-Langevin equation. In the Feynman- Vernon formalism fll2]-|14| the effects of noise 
and dissipation can be extracted from the imaginary and real parts of the influence func- 
tional. Also it was shown fl9|L5| that backreaction effect on the dynamics of space-time can 
be viewed as a manifestation of fluctuation-dissipation relation . Thus Hu and collaborators 
have extended the old framework of semiclassical gravity, based on Einstein equation with 
expectation value of energy-momentum tensor as a source , to that based on a Langevin 
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equation which describes also the fluctuations of matter fields and spacetime ( see recent 
review [[16] ). 

In this article we will study the quantum non-equilibrium effects of pair creation in 
strong electric fields. Backreaction of pair creation on electric field was recently discussed 
by Cooper, Mottola at all |]T7|| . They derived the semiclassical Maxwell equation, carry out its 
renormalization and numerically solve it for some initial conditions in 1+1 dimensions. Their 
numerical results clearly exhibits the decay of the electric field because of screening by the 
produced particles. We wish to make a step further and derive a Langevin equation, taking 
into account a noise from quantum matter fields. To this purpose we will use some mixture 
of Schwinger-Keldysh (CTP) and Feynman- Vernon influence functional formalisms. It is 
important to note here that phenomenological equations of motion with noise term can also 
be derived using decoherence functional formulation of quantum mechanics. This was done 



for some model quantum systems in [|18| , |T9 



This paper is organized as follows: In Sec.y we give a brief review of CTP functional 
formalism , mainly to introduce notations. All essential details can be found in [|T^,^-^2 . 
In Sec.fTJ we will obtain an expression for the influence functional in terms of Bogoliubov 
coefficients for the case of quantum electrodynamics with spin charged particles. Then in 



Sec.[TV] we will obtain a CTP effective action in semiclassical approximation and its cumulant 
expansion. It is the main result of this paper. We will apply it for study of two interesting 
problems. First this result will allow us to analyze the backreaction of created charged par- 
ticles on electric field and to derive a Langevin equation, which take into account a noise 
from quantum matter fields. Then in Sec.[V] we will use an intimate connection between 
CTP effective action and decoherence functional [090 to analyze how macroscopic elec- 
tromagnetic fields are "measured" through interaction with charges and thereby rendered 
classical. 
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II. THE CLOSED TIME PATH FUNCTIONAL FORMALISM IN QUANTUM 

FIELD THEORY 



Usually in quantum field theory our interest is in obtaining the amplitudes of transition 
from in-states to the out-states. But in many cases, mainly in statistical physics, we are 
concerned with expectation values of physical quantities at finite time. To solve such initial 
value problems Schwinger has invented close time path (CTP) formalism. 

Let us consider the expectation value of an arbitrary operator A: 

<A>(t)= Tr p{t) A (1) 

Here p is the density matrix that describes the ( mixed ) state of the system. The 
density matrix does not necessarily have to commute with the Hamiltonian, in which case 
it describes a non-equilibrium state. Using relation p{t) = U (t, 0) p (0) U~ x (t.0) where 
U (t, 0) is the evolution operator, inserting the identity operator 1 = U (t, T) U (T, t) we 
obtain 

< A > (t) = Tr p (0) U- 1 (t, 0) AU (t, 0) = ^ 
Tr p(0) U (0, T) U(T,t) AU(t,0) 

Equation (|2|) can be pictured as describing the evolution of the system from to t, 
inserting the operator A , evolving further to some large time T (in practice, T — > oo), and 
then backwards from T to 0. The insertion of operator may be achieved by introducing 
external sources coupled to the particular operator. This suggests the definition of the CTP 
generating functional 

Z [J+J-] = exp iW [J+, J-] =Tr p (0) U (0, T, J J) U (T, 0, J+) (3) 

In the path integral representation we have 

T 

Z [J+, J_] = J DfaDfoDcj) (0! \p\ <p 2 ) J D<j) + J D(f>- exp i j dt{L [0+] - L [<f>_] + - J_0_} 
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(4) 



The expectation values can be obtained as 

5W —r SW 



^ 5J+ ' r ~ 5J_ 
Then the CTP effective action is 



(5) 



CTP 



W[J+, J-} - + J- 4>- (6) 



The equations of motion are 



STqtp __ T ST C tp _ T 

~ ~ + ' " { ) 

The physical situations correspond to solutions of the homogeneous equations at0 + = 0_ 
. Then equations are real and causal. 

To apply this formalism to our situation we should substitute the (p field by the pair ip 
and a. We will be interested in expectation values of if) only, so we do not couple the a field 
to an external source. Also we assume that the initial density matrix factorizes p = p^ p a . 
Then we have 

Z [J + , J_] = / D%l) 1 Da 1 D%l) 2 Da 2 \pi>\ ^2) <>i \pa\ ^2) 

J DifjDa j Di{j + ] Da + j Dip_ ] Da_ exp i J dt { [ip + ] - + J + 4> + - J_^_+ 

ipi °"i ih u 2 

L a [0+] - L a [o\_] + L int [tp + , a+] - L int ,&-]} = 
J DfaDfo (i/jx \ Pi >\ fo) JDijj j exp iJdt{L^ [^+] - + 



(8) 



where $ , ^_] is the so called influence functional 

$ [■0+ , ip-} = exp z S JF [ip+ ,ip-} = J Da 1 Da 2 (<7i |p CT | cr 2 ) / Da+ / L>a_ 

exp i j dt {L a [a + ] - L a [cr_] + L int [^ + , a + ] - L irrf [ip- , cr_]} = (9) 



r 

/ 


TV [tf(T,0;^ + ) p CT (0) CT 1 (T, 0; ^-)] 



It is now easy to show , using (^j) and ([]) ,that in semiclassical approximation CTP 
effective action has the form 



CTP 



,^}=S [rf,+] - S + S IF [if, + , V-] (10) 



From this relation one may derive the semiclassical equations of motion for the expecta- 
tion values of the field. It is worth noting that 

Tctp [i>+ , = -F* CTP [tp- and r CTP [^,^] = 0. (11) 



III. INFLUENCE FUNCTIONAL FOR SCALAR QED 

In this section we wish to find the influence functional in terms of Bogoliubov coefficients 
(as in []n]] ). Since we are dealing here with the case of scalar QED the pair of fields A and 
ip will play a similar role as ifi and a in Sec. 2 respectively. The influence functional have 
now the form 

$ [ A', A] = Tr [U (T, 0; A') p v (0) U' 1 (T, 0; A)] (12) 
To obtain U (T, 0; A) we will use the Heisenberg equation of motion 

<f+ (-i^ -eiy (p + m 2 (p = (13) 
We will choose A= (0,0, A (i)) and 

<P = E / = + ^(i)} e 4 ** (14) 

p \/2wo(pjV 



where ap-and are usual annihilation and creation operators for particles and an- 
tiparticles respectively. In what follows we will set volume V — 1. Here Uq (p) = u(p,0) 
with 

u 2 (p,t) =f+ (p 3 -eA{t)) 2 + m 2 (15) 

It is well known (see |23| ) that the solution of (|i~3"D for creation and annihilation operators 
has the following form 

ap{t) =af{t) a f (0)+pi(t) &+,(0) ; &+, (t) = ft (i) a p -(0) + 4(i) 6^(0) (16) 



where the Bogoliubov coefficients ap (t) and f3p are expressed via auxiliary function rjp (t) 
by following relations 



a p(f) = 2u j (p) 
(*) = 2^(pj 

with the r)p(t) satisfying to equation 

d 2 



dt 
dt 



+ u {p)vp(t) 
+ u (p)r]Ut) 



(17) 



dt 2 



r}p(t) + u 2 (p,t)r)p{t) = 0; rjp(t) = e' 1 " ® 1 at t -> 



(18) 



Using last equations it is easy to show that ap (t) and /% (£) obey to a system of ordinary 
first order differential equations 



(19) 



with 



V(t) = — \- (u 2 (p, t) + ul (p)) ; ^(t) = — (a; 2 (p, t) 



^0 IP 



(20) 



2u (p) V~ - ~ u -V > 2c (0 

Equations ( |TT| - pOD enable one to consider the particle creation in a homogeneous electric 
field E(t) having an arbitrary time dependence. For example the famous Schwinger results 
describing pair creation in a constant electric field, can be found using this equations 
Note that the number of created particles in p th mode is given by 



Tip \fip 



Now we have enough formulae to find U(t, 0) using relations 



(21) 



(22) 



ap(t) = U + apU = apap + (3*;btp ; 
btp(t) = U+ btpV = foap + a* f btp 

here we take for brevity ap = ap(0) ; &1- = &1^(0). 

We will skip the details of calculations and express our result in the following form 
U = Yip Up where Up is (we drop the mode label) 



U = S(r, 4>) R{6) 



(23) 



where 



S(r, 0) = exp [r (e 2 ^ a + b + - e~ 2 ^ a b)l ; fl(0) = exp [i (a+a + b + b + 1 



(24) 



5 1 and R are called two-mode squeeze and rotation operators respectively. The parameters 
r ,<p,9 are determined from the equations 



a 



e id coshr; (3 = e^'^sinh' 



(25) 



This expression for U (t, 0) may be useful in many situations. We may ,for example, 
rather easily describe time evolution of density matrix p (t) from arbitrary initial p (0) , 
more interesting initial states are : vacuum state, thermal equilibrium and coherent states. 



Recently the time evolution of density matrix at finite temperature was considered in [25 



using the functional Schrodinger representation. In this paper we will deal only with vacuum 
initial state. Applying (|12"D and (|23|) we find that the influence functional with vacuum as 
an initial state is given by 

1 



Otp CVp ftp Pp 



(26) 



IV. SEMICLASSICAL CTP EFFECTIVE ACTION AND LANGEVIN EQUATION 



We may now, using ( |T0l) and (|26|) , obtain for Tctp '■ 



T CTP [A', A] = S [A'] -S[A) + S IF [A', A] 
where Sjp [A', A] — i X^ln a? ap — (3p 

It is useful to introduce new variables as 



(27) 



H = - (A' + A) ; A = A' - A 



(28) 



and define 111 



C n (ti, ...,t n ;E tl) o, ■••,H tn j0 ] 



1 S n S JF [A', A] 



i n - 1 5 A (ti) ...5 A (t r 



A=0 



(29) 
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The notation of Ci^S^o] means C\ is a function of t\ and also a functional of S 



between endpoints £1 and 0. By virtue of ( [TT]) the C n 's are real quantities. As shown in [IT 
the C n 's can be interpreted as cumulants of stochastic force. We will ignore all cumulants 
with n > 2, because the cumulants are of order e n .This will mean that we are making a 
Gaussian approximation to the noise. The Yctp is now 

oo oo oo 

iS[A']-iS[A]+ i J dTiA(n) Ci(n;S n ,o] -| J d-n f dT2A(-rL)A(T2)C 2 (Ti ,r 2 ;H T1 , ,H T2>0 ] 
e iT CTP [A,A] = e o e o o " (30) 

The last term in ( |30"1) may be recognized as a characteristic functional of a stochastic 



gaussian process and we rewrite it in a form 

2) C*2 ( r l , T~ 2 ] ^ rii o , ^T2,o) ( — 

(31) 



00 00 

exp < -\ J dn J dr 2 A (n) A (r 2 ) C 2 (n , r 2 ; » -r 2 ,o] 




00 



/£>e^[e,S] exp h/drA (r)£(r) 




where 



00 00 



P [£, S] = exp -~ J dn J dr 2 i (n) C^ 1 (n , r 2 ; H n>Q , ~ T2 , ] £ (r 2 ) (32) 
loo J 

is the distribution of colour noise £ .We can use now Tctp [A f , A] to obtain the semiclas- 
sical Langevin equations of motion 

A(t)= Ci^Ht.oJ+eW (33) 



In our case we have from (|27 ) and 



C 2 (n , r 2 ; ~ ri , , S T2i0 ] = (£ (n) £ (r 2 )> = (34) 
= f Ep ^^^ig'"^^ (n) ^ (r 2 ) + # (n) $ (r 2 ) } 
The Ci(t; S ti o] is divergent and we must renormalize ( p3|) .As in |T7|] we will use adiabatic 



regularization method (or n-wave regularization of Zel'dovich ) pj2"E|. The advantage of 
using adiabatic regularization lies in the fact that we can remove divergences before summing 
over modes. Potentially divergent terms does not appear and all integrals are finite. This is 
especially useful in numerical computations. Representing r}p (i) in the form 



(35) 



we see ,that to perform renormalization, we need only in few first terms in adiabatic 
expansion of Q : 



1 1 



Q _3u 2 
4^ ~~ 8^ 



+ ... 



(36) 



We rewrite now (|33|) in the form 



A(t) = eJ^(p'-eA(t)) 



_J L_ + _JL_ 



%M n(t) 



(37) 



where 



u 3 io 1 



4cj 2 8 to 5 



and A is a cutoff in the transverse momentum integration. 



Remembering now that in scalar QED the usual charge renormalization factor Z3 is equal 



to 



e 2 A 2 1 _i 

In — - ; and that e r = Zi e ; A r = Zn 2 A 

487T 2 m 2 



(38) 



we obtain 



A r (t) = e r ^ [e r A r ] + £ r 



with [e r A r ] =e r J^(p 3 - e r A r (t)) 



(39) 



Q(t). 

In C2 we must also change e to e r . So we obtain the finite renormalized Langevin equation 
([39]) that describe the process of pair production in a spatially homogeneous electric field 
and the backreaction from this pairs on time evolution of the electric field. The solution of 
the Langevin equation is beyond the scope of the present paper. We plan to consider this 
solution in future. Notice that without noise term Eq.(|39|) is equal to the semiclassical 



Maxwell equation, obtained in [1/ . 
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V. DECOHERENCE IN SCALAR QED 



In this section we will show , using the results of previous sections, how the programme 



of decoherence [18,27J can be applied in the context of quantum electrodynamics in some 
detail. We then analyze an example where macroscopic electromagnetic fields are "mea- 
sured" through interaction with charges and thereby rendered classical. This example was 
discussed recently by Kiefer using different point of view. 

In the consistent or decoherent histories formulation of quantum mechanics ES-^TJthe 
complete description of a coupled ip, a system is given in terms of fine-grained histories 
ip (t) ,a (t) . Let us take as a coarse-graining procedure of summing over the a field. In other 
words the a field play in our case the role of environment. Then the interference effects 
between coarse-grained histories are measured by the decoherence functional D[ip,i/)']. It 



was shown in | lQyi6|j32 | that the decoherence functional, which is the fundamental object 
of the decoherent histories formulation, is connected with CTP effective action by following 
relation 

D [ip, = e i ^ CTP ^ (40) 

The coarse-grained history ip (t) can be described classically if and only if the decoherence 
functional is approximately diagonal , that is, D [i/j, ip'} ~ whenever if) ^ ip' . Now after this 
very brief discussion of the some aspects of decoherence, we will proceed to discuss an example 
where macroscopic field strengths decohere through their interaction with charges. We wish 
to consider, as an example, a macroscopic superposition of two electric fields, one pointing 
upwards, and the other pointing downwards. In the case of scalar QED we have 



D [A, A'] = e tT cTp[A A] „ e i i - (41) 

Here we have omitted unessential phase factor. Now after an easy calculation we obtain 

D[A,A>]~e W \-y^\ (42) 
zbbirm 



11 



This result resembles the result obtained by Kiefer. Note that the interaction with the 
charge states leads to an exponential suppression factor of the corresponding interference 
terms for the field; in the infrared limit of V — *■ oo one finds exact decoherence. In realistic 
cases, however, a finite coherence width remains, so one can in principle subject these 
results to experimental confirmation. For an electric field of E pa 10 7 Volts per centimeter, 
for example, one finds that interference effects are observable on length scales L < 
centimeters 



Thus the programme of decoherence |3(J may successfully be applied in the context of 
quantum field theory using the concepts and methods of nonequilibrium statistical field 
theory. 
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